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Abstract 

A basis for a relatively free associative algebra with the identity rc'^ = over 
a field of an arbitrary characteristic is found. As an application, a minimal 
generating system for the 3x3 matrix invariant algebra is determined. 

1 Introduction 

Let K be an infinite field of an arbitrary characteristic p {p = 0,2,3,...). 
Let K{xi, . . . {K{xi, . . . ,Xd), respectively) be the free associative ii'-algebra 

without unity (with unity, respectively) which is freely generated by Xi,...,Xd- 
Let id{/i, . . . , /s} be the ideal generated by /i,...,/^. Denote by Nn^d = 
K{xi, . . . , Xd)*/ id{x"'\x G K{xi, . . . , x^)*} a relatively free finitely generated non- 
unitary i^'-algebra with the identity a;" = 0, where d > 1. Let A/" = {0, 1,2, . . .}. 
The algebra Nn,d possesses natural Af- and A/'°'-gradings by degrees and multidegrees 
respectively. 

The nilpotency degree of a non-unitary algebra A is the least C > for which 
oi ■■■ ac = for all ai, ac e ^. Denote by C{n, d, K) the nilpotency degree of 
Nn,d. In the case of characteristic zero n{n + 1) /2 < C{n,d, K) < (see jH], [TT]). 
and there is a conjecture that C{n,d,K) = n{n + l)/2. This conjecture has been 
proven for n < 4 (see |ISj)- li p = or p > n, then C{n,d,K) < 2" by jH]. 
For a positive characteristic some upper bounds on C{n,d,K) are given in [7]: 
C{n,d,K) < (l/6)n^ci" and C{n,d,K) < l/{m - l)!n"'rf'", where m = [n/2]. 



In jH] C(3, d, K) was established for an arbitrary d,p, except for the case of p = 3, 
d is odd, where the deviation in the estimation of C{?>,d,K) is equal to 1. In this 
article, a basis for N^^^d is found (see Proposition |21 and Theorems |2l EI) , and, in 
particular, C(3, d, K) is established for any d,p. Namely, when (i > 1, we have: 



As an application, a minimal homogeneous generating system of the 3x3 matrix 
invariant algebra is determined (see Theorem HJ. 

For p = 2, 3, a basis for the multilinear homogeneous component of N^^d for 
'small' d was found by means of a computer programme. Then, the case of an 
arbitrary d was reduced to the case of 'small' d using the composition method. All 
programmes were written by means of Borland C++ Builder (version 6.0) and are 
available upon request from the author. The notion of the composition method was 
taken from 0. 

2 Preliminaries 

Further, we assume that n = 3, unless it is stated otherwise. Let Z be the ring of 
integers, and let Q be the field of rational fractions. Denote by the free semigroup, 
generated by letters {xi,X2, . . . ,Xd}- By Pf we mean Fd without unity. For short, 
we will write K{Fd) instead of K{xi, . . . ,Xd)- The degree of a A/''^-homogeneous 
element u E Fd we denote by deg(M), its multidegree we denote by mdeg(u), and 
the degree of u in letter xj we denote by deg^^. (u) . Elements of Fd are called words. 
By words from N^^d we mean images of words from Fd in N^^d under the natural 
homomorphism. We assume that all words are non-empty, that is they are not equal 
to unity of Fd, unless it is stated otherwise. Notation w = ■ ■ ■ ■ ■ ■ Xi^ stands 
for the word w, which can be get from the word Xi^ ■ ■ - Xi^ by eliminating the letter 
Xi^. For a set of words M and a word v denote by vM the set {vu \ u G M}. If the 
set M is empty, then we assume vM = 0. By Xj ■ ■ - Xj G Z) we mean the word 
XiXj_(_iXi+2 ■ ■ ■ Xj if I < i < j , and the empty word otherwise. 

For some AA'^-graded algebra A and multidegree A = {6i, . . . ,6d) denote by A{A) 
or A{6i, . . . ,6d) the homogeneous component of A of multidegree A. For short, 
multidegree (3, . . . , 3, 2, . . . , 2, 1 . . . , 1) will be denoted by 3''2''1* for the appropriate 




d>3 
d = 2. 
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r, s, t. For A = {Si, . . . ,St) let | A| — J2i ^i- By lin{i>i, . . . , Vt\ we mean the lin- 
ear span of the elements Vi, . . . ,Vt of some vector space over K. We denote some 
elements of K{Fd)'^ by underlined Latin letters. 

Endow the set of words of Fd with the partial lexicographical order. We put 
Xi^Xi^ ■ ■ - Xif^ < Xj^Xj^ ■ --Xj^ if we have ii = ji, . . .,is-i = js-i, is < js for some 
s > 1. Note that if v e F*, then words u and uv are incomparable. 

By an identity we mean an element of K{Fd). All identities are assumed to be 
A/''^-homogeneous, unless the contrary is stated. The multidegree of an identity t we 
denote by mdeg(t). An identity t is said to be an identity of N^^d, if the image of t 
in Ns^d under the natural homomorphism is equal to zero. The zero polynomial is 
called the trivial identity. 

For identity f — J2i 

E K, Ui E F^ , f stands for the highest term of 
/, i.e., / is the maximal word from the set {ui}. It is easy to see that, due to 
homogeneity, the highest term is unique. For a set of identities M, denote by M 
the set of the highest terms of the elements from M. 

An identity is called reduced if the coefficient of its highest term is equal to 1. 

We say that the identity is a consequence of a set of identities, provided it belongs 
to the linear span of these identities. As an example, we point out that xf is not a 
consequence of 2:2. 

An element Ylii^^i'^i ^ K{Fd), where ai & K, Ui E F*, is called an element 
generated by words Vi, ... ,Vt, Hell Ui are products of some elements from {vi, . . . , Vt}. 

For identities ti, ^2 and for a set of identities M, notation ti — t2 + {M} means 
that ti et2 + hn M. 

Consider an element g e K{Fd) and an identity t = u + {J2l=iC(iUi), where 
ctj e K, u,ui, . . . ,Ur are pairwise different words. Let gi = g. If gk = V1UV2 + 
J2j=i PjWj for pairwise different words V1UV2, Wi, . . . ,Ws and Pj e K, then gk+i — 
— I]i=i ttjf iMjf 2 + J2j=i Note that gk+i is not uniquely determined by gk and 

t. If there is k such that gk = J2j=iPjWj for some words Wi, . . . ,Ws which do not 
contain subword u, then we say that the chain gi, . . . , gk is finite and gk is its result. 
If every chain is finite and they all have one and the same result g', then we call 
the identity g' the result of application of the identity t with the marked word u to 
the identity g. Otherwise we say that the result of application of t with the marked 
word M to (7 is indefinite. 

The result of substitution Vi Ui, . . . ,Vk ^ Uk in f G K{Fd), where / is an 
element generated by words vi,. . . ,Vk, Vk+i, ■ ■ ■ ,Vt, denote by f\^^^ui,...,Vk^Uk- By 
substitutional mapping we mean such homomorphism of X-algebras : K{Fk) — > 
K{Fi) that (f){xi) e F^, i — l,k. A substitutional mapping is called monotonous, if 
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> 4>{xj) for Xi > Xj. The set of monotonous substitutional mappings denote 
by A4k,i- Note that for G Mij, € M.j,k the composition ifj o (f) belongs to M.i^k- 
Denote 

Ti(a) = a^, 

T2(a, 6) = + aha + 6a^, 

T3(a, 6, c) = a6c + ac6 + hac + 6ca + cab + c6a. 

Partial and complete linearization of the identity of A^3,d, where a G K{Fd)*, 

fi, /2 e Frf, gives that all identities from S = {/iTi(a)/2, /iT2(a, b)f2, fiT^^a, b, c)/2| 
a,b,c G Fj^, /i,/2 G Fd} are identities of Ai^s^^. For multidegree A let Sa be the 
subset of S which consists of all identities of multidegree A. Clearly, each identity 
of N^^di^) is a consequence of the set of identities Sa- The set of identities Sa 
can be treated like the system of homogeneous linear equations in formal variables 
{w\w G -F*, mdeg(tt;) = A}. Then, free variables of the system Sa form a basis for 
N^^di^)- We call two systems of linear equations (two sets of identities, respectively) 
equivalent, if the first one is a consequence of the second and vice versa. 

A word w G S" is called canonical with respect to Xi, if it has one of the following 
forms: Wi, WiXiW2, Wixjw2, Wix'^uXiW2, where words Wi,W2,u do not contain Xi, 
words wi,W2 can be empty. If a word is canonical with respect to all letters, then 
we call it canonical. Number for future references the identity of N^^d 

xux + {x^u + -ua;^), u G Pf. (1) 



3 Auxiliary results 

We will use the following facts from [H]: 

Lemma 1 1. Applying identities (OJ), XiUx] = —x'jux.i of N^ d, o-ny non-zero word 
w G N^^d can he represented as a sum of canonical words which belong to the same 
homogeneous component as w. In particular, if deg^^{w) > 3, w G Fd, then w = 
in Ns^d- 

2. The inequality 7^ holds in N^^d- 

3. Ifp = orp>3, thenC{3,d,K) = Q\d>2). 

Ifp = 2, then C(3, d,K) =d + 3, where d>3, and C{3, 2, K) = 6. 
4- If p 7^ 3, then x'^ay'^ = is an identity of N^^d, where a G Pf . 
5. If p = 3, then x^y^xay = x'^y'^xya is an identity of N^ d, where a G F*. 
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6. If p = 2, then x\x2 ■ ■ -XdXi 7^ holds in N^^d- 

7. If p ^ 3, then Ii{x,a,b,c) = x'^abc + x'^acb, l2{x,a,b,c) = abcx"^ + bacx"^ , 
l3{x,a,b,c) = ax%c + cax% are identities of N^^a, where x, a, b, c are words. 

Proof. 1. See P, Statement 1. 

2. See Statement 3. 

3. See P, Propositions 1, 2. 

4. See P, equality (5). 

5. See P, proof of Statement 7. 

6. See P, Statement 4. 

7. Let X, a, b, c be words, p 7^ 3. Partial linearization of the identity from item 4 
with respect to x {y, respectively) gives that Ii{x,a,b,c), l2{x,a,b,c) are identities 
of A^3,d. Apply identity ((H), where x = Xi, to the identity T^^Xia, bxi, c) = of N^^d, 
and get that —T3{xfa,b,c) — T3{a,bxl,c) + 3{bxlac + cbxia) = in N^^d- Hence 
Isi^x, a, b, c) is the identity of A^^s^^- A 

Remark 1 1. Consider a set M = K{Fd)'^ ■ Let u G Pf he a word 

which is a summand of one and only one element mi of the set M. Let J2i=i Oiirrii = 
in K{Fd), where ai & K. Then ai = 0. 

2. Let A be a multidegree. Let V = {vi, . . . ,Vs} be a set of words of multidegree 
A. Assume that for each word w, of multidegree A, which do not lie in V there is an 
identity w — f^ of N^^d, where f^ G linl^. Then every identity J^iCa'^i (oti & K) of 
iV3^d(A) is a consequence of the identities which are results of application of identities 
{w — fw] to the identities ofS^- (Note that results of these applications are defined.) 

Lemma 2 Let d > 1. All identities, of N^^di'^^'^^^) , generated by x1,X2, ■ ■ ■ ,Xd are 
consequences of the following identities of N^^di'^l'^'^) : 

(a) fiT^{a,b,c)f2, where some word from a, b, c, fi, f2 contains the suhword x\, 

(b) 3fili{xi, a, b, c)f2, i = T75- 
Here a,b,ce F* , /i,/2 G F^. 

Proof. By item 2 of Remark Q any identity, of ^3.^(21''"^), generated by 
, a;2, . . . , is a consequence of identities which are results of application of iden- 
tity dH) (where x = xi) to the identities from S2id-i. 

If we apply (P), where a; = xi, to T2{xi, a) = 0, then we get a trivial identity. 

The result of application of ((T)), where x = xi, to an identity t = 
fiTs^ai, a2, a^)f2, where ai, 02, as e F* ^ /i, /2 e F^, denote by t\ and let t = ELi 
for some words Ui, . . . , Mg. If words Mi, . . . , do not contain subword and aj 7^ Xi, 
i = 1,3, then t' is a consequence of identities (a). Let a,b,c E Pf. 
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If t = T^ixi, Xi,a), then t' = 0. 

If t = T^i^xia, Xi,b), then t' = —T^lxf, a, b). 

If t = T^i^axib, xi,c), then t' = —T^^ab, x\, c) — 3/3(a;i, a, 6, c). 

If t = T3(xia, 6x1, c), then t' = —T^i^xla, b, c) — T^^a, bxf, c) + 8/3 (xi, b, a, c). 

If t = xiaT^^xi, b, c), then t' = —aT^^xf, b, c) — 3Ji(xi, a, b, c). 

If t = XiT3(xi, a, b), then t' = —T^i^xl, a, b). 

\i t = xiT^{xia, b, c), then f = —xfT^^a, b, c) — T^{x1a, b, c) + 3Ji(xi, a, b, c). 

Due to the fact that, if we read identities (a), (b) from right to left, they do not 
change, the claim follows from the regarded cases. A 

Let r = l,d. It is easy to see that for every i = l,r the result of application of 
the identity (Q), where x = Xi, to every identity of multidegree 2'"!'^"^ is definite. 
For a e Sr let ^p^ : K{Fd)i2'~l'^-'-) -> K(Fd)(2^1'^-^) be such mapping that ^p^{t) 
is the result of the following procedure. Let ti be the result of application of the 
identity (HJ, where x = Xo-(i), to t. For i = 2,r let ti be the result of apphcation of 
the identitiy ([T)), where x = Xa-{i), to ti-i. We define ipait) = U. 

For any identity t = & K, Ui E Pf, of multidegree 2''1'^~^, fix 

some permutations at,i, ■ ■ ■ ,<Jt,s ^ Sr- Consider the mapping ip : K{Fd){2'^l'^~^) — > 
ir(Frf)(2'^l'^-'^) such that for t = EiCtiUi, at e K, m E Pf, we have ^lj{t) = 
J2i C(i4'(Tt,i{ui) . Denote by the set of all such mappings ip. 

Lemma 3 Let rf, r > 1, G "^r- All identities, of N^ ^i^^^'^^^), generated by 
x1, . . . ,x^, Xr+i, ■ ■ ■ ,Xd are consequences of the following identities of N^.^di^^^'^''') ■ 

(a) fiTs{a, 6, c)/2, where for each k = l,r some word from a, b, c, fi, /2 contains 
the subword x\, 

(b) 30(/i/i(xfc, a, 6, c)/2); i = 1, 3, r, 

(c) the identity 3/1X^0x^/2 (i^j = l,r, i 7^ j) which is generated by x\, . . . ,x^, 

Xr~\-1 ; • • • ; Xd . 

Here a,b,ce Pf , /i,/2 G Pd- 

Proof. For '^^ denote the sets of identities of multidegree 2''!'^"^: Ai = 
Fd, cT^re Sr}, At = {m\t = /iT2(a,6)/2, a, 6 G P*, /i,/2 G 
Pd} and At = {m 1 1 = fiTsia, 6, c)/2, a, 6, c G F/, A, /2 G Pd}. 

For an arbitrary ip G \E',- identities, of N^^di^'^^'^'^), generated by xf,...,x^, 
Xr+i, ■ ■ ■ ,Xd are consequences of Ai, At, At (see item 2 of Remark H}. The following 
items conclude the proof. 

1. Identities A\ are consequences of identities (c). In 'particular, ipit) = 7r(t) + 
{(a), (6), (c)} and ^(t + /) = ^(t) + ^(/) for any ^, vr G v]/,, t, / G K{Pd)iTl^-n- 
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Proof. Note that the identity ?/^(3/ixfax|/2) G K{Fd){Tl'^-''), where a G F* , 
follows from (c). 

If r = 1 then Ai = {0}. Let r = 2. Denote V'i('W^) = i^aiu)) — ipriw), where 
cr = 1 G 5*2, r = (1, 2) G 5*2. If w = Xiaxihx2CX2 or w = Xiax2bx2CXi, a,b,c E Fa, 
then the identity ipi{w) is trivial. Consider w = Xiax2bxicx2, a,b,c G F^. Then 
ipi{w) = {xiax2bxi)cx2 — Xia{x2bxiCX2) in N^^^, where the order of application of 
identity ([Q) is determined by parentheses. 

If ab,bc 7^ 1, then = (— x^ax2&cx2 — ax2bxlcx2) — {—Xiax^bxiC — 

Xiabxicx"^) = {x\ax\bc+x\abcx\+ax\bx\c+abx\cx'^ — {x\ax'2bc+ax'2bx\c+x\abcx\ + 
abxlcxl) = 0. 

If a = b = c = 1, then ipi{w) = 0. 

If a = 6 = 1, c 7^ 1, then ipi{w) = Sxlcx^. 

If 6 = c = 1, a 7^ 1, then ipi^w) = —?)x\ax2. 

Therefore, if r = 2 then the required is proved. 

The case of r > 2 follows from the case of r = 2 and the fact that any permutation 
is a composition of elementary transpositions. 

2. Identities are consequences of identities [a], [b), (c). 
Proof. It follows from Lemma El and item 1. 

3. Identities A2 are consequences of identities (a), {b), (c). 

Proof. We will use item 1 without reference. Prove by induction on k that for 
every identity t = /iT2(f , a)/2 of multidegree 2'^1'^~^ we have ipit) = 0+{(a), (6), (c)}, 
i.e., ^Pifi-vavf2) = -^pifi-v'^a- f2)-^p{fi-av^ ■ f2) + {ia), (6), (c)}, where v,ae Ff , 
/i, /2 G Fd, and deg(f ) = k. 

Induction base is trivial. 

Induction step. Without loss of generality we can assume that /i, /2 are empty 
words. Consider a word XiU of degree k, where i = l,r. We have ilj{T2{xiU,a)) = 
ip{xiUXiUa) + ip{aXiUXiu) + ip{xiuaxiu) + {(a), (6), (c)}. Induction hypothesis imply 
that ip{xiUXiUa) = ip^u^x'^a) +{{a), (6), (c)}, ijj{aXiUXiu) = '?/'(aM^a;f ) + {(a), (6), (c)}, 
ip{xiuaxiu) = ifji^xlu^a) + tp^xfau^) + ipiu^axl) + ip^ax^v?) + {(a), (6), (c)}. Thus, 
^(T2(a;,M, a)) = i^{T^{xl u\ a)) + {(a), (6), (c)} = + {(a), (6), (c)} by item 2. A 

Lemma 4 Let p = 3. ^4// identities of N^^di^'^) o^^e consequences of identities 
/iT3(ai,a2,a3)/2 of multidegree 1'^, where /i,/2 G F^, 01,02,03 G Ff , deg(ai) < 3, 
deg(a2) = deg(a3) = 1. 

Proof. If d < 4, then the statement is obvious. 
Let d > 5. We prove by induction on d. 
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Induction base. In the case d = 5,6 the statement was proven by means of a 
computer programme. 

Induction step. Let d>7. Consider an identity t = 01X3(02,03,04)05, 01,05 e 
Fd, CI2, 0,3, 04 G F^. There is such k = 1,5 that deg(oA;) > 2. Then o^ = XiXj ■ w for 
some w G F^. Substituting z for subword XiXj, where 2; is a new letter, and using 
induction hypothesis, we get that t G lin{/iT3(6i, 62, &3)/2| /i,/2 ^ F^, 61,62,^3 ^ 
F*, deg(6i62&3) < 6}. The statement of the Lemma in the case d = 6 concludes the 
proof. A 

A multilinear word w = Xa{i) ■ ■ ■Xa{d), o" € 5'^, is called even, if the permutation 
a is even, and odd otherwise. 

Lemma 5 1. Let p = 2,3. Consider the homomorphism cf) : K{Fd){l'^) K, 
defined by (j){w) = 1, where w G F^. Then maps identities of N^^d in zero. 

2. Let p = 2. For i,j = l,d, i 7^ j, consider the homomorphism (pij : 
K{Fd){V^) K, defined by the following way: if w = uXiXjV, where u,v E Fd, 
then <t>ij{w) = 1, else (pij{w) = 0. Then (pij maps identities of N^^d in zero. 

3. Let p = 3. Consider the homomorphism 0+ : K{Fd){l'^) K , defined by the 
following way: for w G Fd we have (f>+{w) = 1, if w is even, else 4>+{w) = 0. Then 
0+ maps identities of N^ d in zero. 

4. Let p = 3. For k = l,d consider the homomorphism 0^ : K{Fd){Si, . . . ,6d) — 
K{Fd){5i,...,Sk-i,Sk+i,...,Sd), where Sk = 1,2, defined by (f)kixi, ■ ■ ■ XjJ = 

yi, ■ --yi,, where yi^ = Xi^, ifij ^ k, andyi^ = 1, ifij = k (j = l,t, t = 61^ h6d). 

Then 0^ maps identities of N^^d in zero. 

5. Let p = 3. For k = l,d consider the homomorphism 

TTfc : K{Fd){5i, . . . ,5k-i,3,5k+i, . . . ,5d) K{Fd){5i, . . . ,5k-i,l,5k+i,_^,5d), de- 
fined by the following way: for w = UiXkU2XkUzXkUi, Ui E Fd {i = 1,4), we put 
T^kiw) = Ui{xkU2Us + U2XkUs + U2U3Xk)u4. Then Ilk maps identities of N^ d in zero, 
and 

Proof. 2. It is sufficient to proof that for t = 61X3(01, 02, 03)62, where 61, 62 ^ Fd, 
01,02,03 G Ff, we have (pij{t) = 0. If each word from {6iOo.(i)Oa.(2)acr(3)&2| cr G S3} 
do not contain subword XiXj, then 4>ij(t) = 0. 

If there is k such that o^ = uXiXjV, u,v E Fd, then (pijit) =6 = 0. 

If 61 = uXi, Oi = XjV, M, f G Fd, then (pijit) = 2 = 0. 

If 62 = XjU, Oi = vXi, -u, f G Fd, then (pijit) = 2 = 0. 

If Oi = UXi, 0.2 = XjV, M, t> G Fd, then (pijit) = 2 = 0. 

The statement follows from the regarded cases. 

Items 3, 4, 5 were proved in |9j; item 1 is similar to them. A 
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4 The case of ]9 7^ 3, d < 3 



Proposition 1 Let p ^ 3, d = 1,3, A = {6i, . . . ,6^) is a multidegree. Then, the set 
Sa is a basis for N^ ciiA) , where 

1) the case of \ A\ < 3; 

Bi = {xi}, Bi2 = {xiX2, X2X1}, B2 = {xl}, 

Bii = {X1X2X3, X1X3X2, X2X1X3, X2X3X1, X3X1X2}, B21 = {x\x2, X2x\ ]; 

2) the case 0/ | A| = 4; 

^212 = {X^X2X3, xjx3X2, Xa^^Xg, XsXgX?, Xa^zX?}, 

B22 = {x\x\, x\x\), B31 = {xlx2Xi}; 

3) the case 0/ | A| = 5; 

-B221 = {xlx^xs, xlxjxs, X3xlxl}, 

B312 = {xlx2X3Xi, XIX3X2X1}, 

B32 = {x^x^Xi}; 

4) otherwise B^ = 0- 

Proof. Cases of | A| < 3 and A G {31, 32} follow from items 1, 2 of Lemma ^ 

If A G {21^, 2^, 2^1, 31^}, then we prove the statement by considering the system 
of equations Sa- Here we use item 1 of Lemma HJ and when A G {21^, 2^, 2^1}, we 
use Lemma El for decreasing the number of considering equations. 
Case 4) follows from item 3 of Lemma ^ A 



5 The case o¥ p = or p > 3 



We shall write i for Xi, i = 1, (i, so that it does not lead to ambiguity. 



2) Bi4 



3) B 



15 



4) 




1423, 
2413, 



Proposition 2 Let p = 0orp>3,d>l,A 
the set B/\ is a basis for N^^^ilA), where 
1) if d<3, then see Proposition{^ 

1234, 1243, 1324, 1342 
2143, 2314, 2341 
3412 

12354, 12435, 12453, 12534, 
13254, 13425, 13452, 13524, 
14523, 23145, 23415, 23514 
, 1^324, 1^423, 1 
21^43, 231^4, 241^3 f' 



{61, ... , 6d) is a multidegree. Then 



5) if\A\> 6, then Ba 
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Proof. The computations below were performed by means of a computer pro- 
gramme. For A G {1^,1^,21*^}, we consider the homogeneous system of hnear 
equations Sa over the ring, generated in Q by the set Z U {1/2, 1/3}. Having ex- 
pressed higher words in terms of lower words by the Gauss's method, we get that 
5a is equivalent to the system {1 ■ u = fu\u E Fd, mdeg(u) = A, u ^ -Ba}, where 
/„ are linear combinations of elements of B^- The statement is proven. 
The case of | A | > 6 follows from Lemma ^ A 



6 The composition method 

Denote by M5 a basis for the space of identities of A^^s 5(1^) such that M5 contains only 
reduced identities and all elements of M5 have the highest terms pairwise different. 
The basis of this kind exists, because if ti, t2 are reduced identities with ti = ^2 and 
ti 7^ t2, then ti 7^ ti — t2 and lin{ti, ^2} = lin{ti, ti — ^2}- For d > 5, let 

Md = {te K{Fd)il'^)\ there are t' e M5, (f) e M^^, a e Fd such that t = a(f){t')}. 

Identities from Md are identities of N^^d- 

Let A = (^1, . . . ,6d) he a. multidegree. For a set J C K{Fd){A), denote B{J) = 
{w G F*| mdeg(w) = A,w ^ J}. Since every word, of multidegree A, which do not 
belong to B{J), can be expressed in terms of lower words by applying identities of 
J; therefore, for any / G K{Fd){A), we have 

/ = y^ c^iU + Y] ■ PjWj, where Oj, (3j e K.Ue J, Wj G B{J), Ti, Wj < f. (2) 

Thus, 

~ linS(J), and, in particular, ^'3^(1'^) = lin $(5(Md)), (3) 

Im J 



where $ : K{Fd)'^ N^^d is the natural homomorphism. Further, we will write 
B{Md) instead of ^{B{Md)) so that it does not lead to ambiguity. 
Definition. A set of reduced identities M is called complete under composition, if 
for any ti, t2 ^ M, where ti = ^2, "we have ti — ^2 = Yli=i diQi-, «i ^ K, gi E M, and 
gi <ti,i = l,k. 

Lemma 6 Ford > 5, all identities of N^^di^'^) o,i"g consequences of identities of Md- 
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Proof. For any identity t of N^^^i'^'^), "we have t = J2i<^iti for some ttj G K, 
U = fiT3{ai,bi,Ci)gi, fi,gi e Fd, ai,bi,Ci e Pf. For any i, exists (pi e M^a and 
an identity t'^, of A^3 5(l^), such that tj = (piit'^). The set M5 is a basis for the 
space of identities of N^^^il^), thus t[ = PijOij, where gij G M5, Pij G -R'. Hence 
M^d = T.jf3iM9ij) e hnMd. Therefore, t G hnM^. A 

Lemma 7 (Composition Lemma l^) For d > 5 B{Md) is a basis for N^^ai^'^) if 
and only if Md is complete under composition. 

Proof. Let B{Md) be a basis for A^3,d(l'^). For ^1,^2 e M^, where ti = ts, let 
g = ti — t2. By formula we have g = J^iCafi + J2j where fi<g< ti, 

fi G Md, Wi G B{Md), ai,Pj G i^. The identity g - J^i^ifi is an identity of N^^d, 
B{Md) is a basis for A^3^(i(l'^), hence J2j PjWj = in K{Fd). Thus g = J2i(^ifi, and 
the claim is proven. 

Let Md be complete under composition. Assume that, on the contrary, B{Md) 
is not a basis. Thus, the set B{Md) is hnearly dependent in N^^d (see equality Q). 
Hence there is a non-trivial identity / = J2i<^ii^iy ca & K, Ui E B{Md), such that 
/ = in Ns^d- Note that / ^ Md. 

Lemma ini imphes / = Y.^=iPjtj, where Pj G K*, tj G Md. Without loss of 
generahty, we can assume that for some s, we have ti = ■ ■ ■ = tg = f ■ If s = 1 
then we get a contradiction to / ^ Md- Let s > 2. Since Md is complete under 
composition, for j = 2,s we have ti — tj = J^iljWjh where gji G Md, g^i < ti, 
■jji G K. Expressing tj from these equalities, we get / = Xti + J2q \hq for some 
hq G Md, hq <ti, X, Xq E K. If A 7^ 0, then / G Md, so we get a contradiction. 
Thus, A = 0. Repeating the same argument several times, we get a contradiction to 
the non-triviality of /. A 

Lemma 8 Let d > 5. Then for any ti,t2 G Md, where ti =1,2, there are s = 5, 10, 
t'^,t'2 G Ms, (j) G M.s,d, CL E Fd such that ti = a(f){t[), where i = 1,2. 

Proof. By definition of Md, there are t" G M5, ipi G A^5,d, Q G Fd such that 
ti = CiilJi{t"), where i = 1,2. Denote w = ti = ^2- Let t" = Xj^---Xj^, t'2 = 

Xki ■ ■ ■ Xk^. Consider a partition of w into subwords w = a ■ ai a^, where 

s = 5, 10, oi, . . . , fls G F^ , a G Fd, which is the result of intersection of partitions 

w = ti = ci - ipi{xjj i'li^js): w = t2 = 02- i'2{xkj i'2{xkrj. Here we 

assume a 7^ 1 if and only if Ci, C2 are non-empty words. Then q = adi, where di G Fd, 
i = 1,2. There is a permutation cr E Sg such that if Xj < Xj, then ao-(j) < CLa-{j), where 
i,j = 1, s. Since diipi{t'(), c?2'?/'2(^2) are elements generated by words ai, . . . , a^, the 
substitutions diipi{t'-)\^^ ^^^j^j^ = t'^, i = 1,2, are well-defined. It is easy to see 
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that for t[ there is G Al5,s, ^ such that eitp'^it'l) = t'-, i.e. t[ G M^, where 
i = 1,2. Define G A4s,d by the following way: = Oo-q), j = 1, s. We have 

a(f){t[) = ti, where i = 1,2, thus the claim is proven. A 

Proposition 3 If B{Md) is a basis for N^^di^'^) ford = 5, 10, then B{Md) is a basis 
for N-^^di^'^) for any d > 5. 

Proof. Let d > 11. Consider ti,t2 £ Md, where ti = t2- We apply Lemma |H1 to 
^1,^2! further we use the notation from Lemma |H1 By the data and Lemma [7|Ms 
is complete under composition, hence t[ — t'^ = Y^iCado where G K, g[ G Mg, 
t[ > %. Thus ti — 12 = Hi OiiQi) where Qi = a(f){g'j) G Md] because of the composition 
of monotonous substitutional mappings is a monotonous substitutional mapping. By 
monotony of (p, we have ti > for all i. Hence Md is complete under composition, 
and Lemma [7| concludes the proof. A 

7 Multilinear homogeneous component 

Notation. For p = 2, 3 and d > 1 recursively define sets Bid of the words of 
multidegree l''. 
Let p = 2. Then 

1) B[ = {x,}; _ 

2) for d > 2_define B[, = .^^} U {e,,,| k = 2,d}U {/JU 
{hd,k\ k = S,d}. 

Here, if i > l,i ^ 4, then Bp = B[i; Bii = B[i U {x2XiXiX^} and 
= X2 - ■ -Xk ■ xi ■ Xk+i ■■■Xd{d>2, k = 2,d); 

f_^ = X2--- Xd-2 ■ XdXiXd-i {d>3); 

hd k = Xk ■ xi ■ ■ ■ Xk ■ ■ ■ Xd {d > 3, k = 3,d). 
Let p = 3. Then 

1) Bi = {xi}; 

2) for d >^define B^^ = Xi{Bid-i\^^^^^^^^,^j^} U X2{Bid-i\^^^^^^^^,^j^}U 
{^,k\ k = 3, d}. 

Here, ^ = xs ■ ■ ■ Xk ■ xiX2 ■ Xk+i ■ ■ ■ Xd {d > 3, k = 3,d). 

For future needs define Bia = {1}, where 1 stands for the empty word. 

The aim of this section is to prove the following theorem: 

Theorem 1 For p = 2,3, d > 1 the set Bid is a basis for iV3_d(l'^). 
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Remark 2 It is not difficult to see that 




d{d-l) , p=2,d>4: 
2'^-d , p = 3 



Let be a finite dimensional vector space over K, V = linl^i, . . . ,Vm}, where 
non-zero vectors {vi} are linearly ordered by the following way: f i < ■ ■ ■ < Vm- Note 
that the vectors Vi, . . . ,Vm need not be linearly independent. 

Definition. A basis of f , . . . , f is called minimal (with respect to the linearly 
ordered set t>i, . . . , Vm), if for any z = 1, m we have Vi = J2j cajVkp c^ij G K, where 
kj < i. 

Consider Li = {fj^, . . . ,Vj^}, L2 = {vk^, ■ ■ ■ ,Vk^} which are bases for V, where 
ji < ■ ■ ■ < js, ki < ■ ■ ■ < kg. We write Li < L2, if there is / = 1, s such that 
ji = ki,... = ki^iJi < ki. 

Lemma 9 1. A basis of V Vk-^^, . . . ,Vk, is minimal (with respect to the linearly 
ordered set vi, . . . , Vm) if and only if it is the least one with respect to the determined 
linear order. 

2. The minimal basis is uniquely determined. 

Proof. 1. Let L be the minimal basis. Then 

if Vk ^ lin{f 1, . . . , Vk-i}, then Vk G L; else Vk ^ L {k = l,m). (4) 

Thus, L is the least basis. 

Let L C {vi, . . . , Vm} be the least basis. Then condition (jlj) is valid for it. Thus 
L is the minimal basis. 

2. This item follows from item 1. A 

Apply aforesaid on minimal bases to N^^^ill'^). As a linearly ordered set we take 
{w e Fd\ mdeg(w) = 1"^}. 

Lemma 10 1. B{M^) is a basis for N^^^i^^) ■ 

2. Let d > 5. If B{Md) is a basis for A^3 ,i(l'^), then B{Mii) is the minimal basis. 

Proof. 1. The definition of M5 implies that M5 is complete under composition. 
Lemma concludes the proof. 

2. Identities Md imply that any word, of N^^d, which do not belong to B{Md) 
can be expressed in terms of lower words. Thus B{Md) is the minimal basis. A 
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Lemma 11 1. If p 

Bl4 



B 



15 



5(M; 



2. Ifp 



2, then for i = 4,5 the minimal basis for N^^ilV) is Bp, and 
' 1234, 1243, 1324, 1342, 1423, " 
2134, 2143, 2314, 2341, 2413, 
3124, 4123 

12345, 12354, 12435, 12453, 12534, 
13245, 13254, 13425, 13452, 13524, 
14235, 15234, 

21345, 23145, 23415, 23451, 
23514, 
^ 31245, 41235, 51234 
3, then for i = 4,5 the minimal basis for A^3 j(l*) is Bii, and 
' 1234, 1243, 1324, 1342, 1423, 
Bi4 = { 2134, 2143, 2314, 2341, 2413, 
3124, 3412 

12435, 12453, 12534, 
13425, 13452, 



Bis = B{M^ 



12345, 12354, 

13245, 13254, 

14235, 14523, 

21345, 21354, 

23145, 23154, 

24135, 24513, 

31245, 34125, 



21435, 21453, 
23415, 23451, 

34512 



13524, 

21534, 
23514, 



> . 



Proof. By Lemma ITIH B{M^) is the minimal basis for A^3 5(l^), and, in particular, 
it does not depend on the choice of M5 (see Lemma IH)). Expressing higher words in 
terms of lower words by Gauss's method, we solve the system Sid and find the min- 
imal basis for A'"3^(l'^). These calculations were performed by means of a computer 
programme for ci = 4, 5, p = 2, 3. A 

Lemma 12 If p = 2, d > 5, then 



W3 = 


- uaia2as. 


Oi > O2 > O3, 




= uaia2a3a4. 


oi > 02, 04 and 03 > 04, 




= uaia2asa/i. 


Oi > 04 and 02 > 03, 




= uaia2asa/ia^. 


Oi > 02 and 03 > 04 or 03 > 05 or 04 > 05 




= uaia2a3a4a5. 


Oi > 03 and 02 > 04 or 02 > 05 or 04 > 05 


. 1^5,3 




Oi > 04 and 02 > 05. 



where all elements of are words of multidegree 1^ , u E F^, E Pf, i = 1,5 
If p = 3, d > 5, then 
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= uaia2a3, ai > 02 > as, 

= uaia2asaA, cli > 02, 04, 
= < ^5^1 = ^0102030405, Oi > 02, 03 and 04 > 05, 
^5,2 = MO1O2O3O4O5, Oi > 03, 04 and 02 > 05, 
^5,3 = MciiO-2'3-3a4a5, Oi > 04, 05 ond O2 > O3. 
where all elements of Ma are words of multidegree 1'^ , u G Fd, ai G Ff" , i = 1,5. 

Proof. It is sufficient to prove the statement for d = 5. Denote by M the 
set from the formulation of the Lemma. Considering all possibilities, we get that 
^(Ms) = {w e F5I mdeg(w) = l^,w^ M} (see Lemma ITT|l . A 

Lemma 13 For p = 2,3, d > 5 we have B{Md) = Bid. 

Proof. For p = 2, 3 we get Bid C B(Md) by Lemma IT^ 
Further Wij,Wi stand for the words from Lemma IT^ 

The case of p = 2. Inclusion B[Md) C Bid follows from items 1, 2 (see below) 
by induction on d. 

1. If w = Xij^ ■ ■ ■ Xi^ E B[Md), ii > 3, then w = h^ i^ . 

Proof. Let w = xi^u. The word w contains letters xi,X2. Denote by ui,U2,u^ 
some elements of Fd. If -u = U1X2U2X1UZ, then w = E Md, that is a contradiction. 
Hence u = U1X1U2X2U3. If the word Ui is not empty, then w = 104^2 ^ Md, that 
is a contradiction. If the word U2 is not empty, then w = w^^i G Md, that is a 
contradiction. Assume that and there are k, t such that k < t < s 

and jk > it- Then w = w^^i G Md, that is a contradiction. Hence w = hd^i^. 

2. If w = X2Xi^ ' ' ' ^id ^ B{Md), then w = e^^fc /^^'^ some k = 2,d or w = f ^. 
Proof. Consider w = X2U1X1U2, where Ui,U2 G Fd. If there are not r,s such 

that r > s and U1U2 = ViXrV2XsV^, where Vi,V2,v-i G Fd, then w = e^^ for some 
k = 2,d. Assume that there are such r,s. If the word ^3 contains the letter xi, 
then w = W4^2 ^ Md', a contradiction. If the word Vi contains the letter Xi, then 
w = w^^i or w = 105^2, hence w G Md] a contradiction. Let the word V2 contains 
the letter Xi. If the word is not empty, then w = w^^2 £ Md', a contradiction. If 
deg(f2) > 1, then w = w^^2 or w = ^5^3, hence w G Md', a contradiction. There is 
the only possibility which we have not considered, namely w = f^. 

The case of p = 3. Inclusion B{Md) C Bid follows from items 1, 2 (see below) 
by induction on d. 

1. If w = Xi^ ■ ■ ■ Xi^, ii > 4, then w ^ B{Md). 

Proof. The word wi = Xi.^ - ■ ■ Xi^ contains the letters xi,X2,x^. There are r,s = 
1, 3 such that the word wi contains some letters between letters Xr,Xs. We also have 
Xi^ > Xr,Xs. Thus w = W4 E Md, that is w ^ B{Md). 
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2. If w = x^Xi^ ' ' ' ^ B{M(i), then w = e^ j^ for some k = 3,d. 

Proof. If w = X3U1X2U2X1U3 for some elements Mi,M2,M3 of F^, then ^ = ^36 
Md] a contradiction. Thus w = X3U1X1U2X2U3. If the word U2 is not empty, then 
w = Wi E Md, that is a contradiction. Hence u = X3U1X1X2U3. If there are r, s such 
that r > s and UiU^ = ViXrV2XsV^ for some f 1, f2, ^3 G F^;, then ti) = 1^5 1 or w = W5 2 
or 1(7 = 1^5,3. Therefore w G M^, that is a contradiction. Hence there are not such 
r, s. So If = for some k = 3,d. A 

Lemma 14 Le^ p = 3, > 6, 0^ zs the mapping from Lemma\^ where k = l,d. 
Then for any w G B{Md) we have 4>k{w)\^^^^^_^^^^j^ G B{Md-i)- 

Proof. If for a word w of multidegree l'^ we have <t'k{w)\^,^^^_^ -^yi ^ ^d-i, then 
w G Md, that is w ^ S(Mrf). A 

Proof of theorem 1. If c? = 1, 2, 3 then obviously Bid is a basis. For d = 4,5 Bid 
is a basis by Lemma ITTl Proposition El and Lemma IT^ implv that in order to prove 
the Theorem it is sufficient to verify that Bid is linearly independent in N^^d for 
d = 6, 10. This verification was done by means of a computer programme applying 
the algorithm described below. 

The case of p = 2. Assume that there is an identity / = J2weB^d '^w^? G K, 
such that / = in N^^d- Considering 4>ij(t) = 0, (pit) = 0, where (pij, cj) are mappings 
from Lemma we get a homogeneous system of linear equations in {a^^}. Having 
solved this system we get that = for any w G Bid. It was calculated for 
= 6, 10 by means of a computer programme. 

The case of p = 3. By Lemma [131 we have Bid = B{Md). Identities from 
M5 express elements of the set {w G -F5I mdeg(w) = 1^} in terms of elements 
of Bi5. Applying these identities, we get that for any word w of multidegree 1'^ 
w = fw in A^3,d, where fw G lin i^j^d. Applying identities {w = /^}, rewrite identities 
{/i7'3(ai,a2,a3)/2| /i,/2 G Fd, deg(ai) < 3, deg(a2) = deg(a3) = 1} in terms of 
linear combinations of the elements of Bid. As a result, we get only trivial identities. 
This, together with Lemma |3J imply that the system of identities Sid is equivalent 
to the set of identities M = {w — fw\w & Frf,mdeg(w) = 1'^, w ^ Bid}. The set M is 
linearly independent in K{Fd), thus Bid is linearly independent in N^^d- The given 
algorithm performed by means of a computer programme proved that Bid is linearly 
independent in A^3 when d = 6,9. Here we need Lemma lU in order to decrease the 
quantity of identities which have to be considered. For d = 10 described algorithm 
ran for a long time, thus we used another approach to the case of d = 10. 

Assume that there is an identity / = J^weBj^d ^wW, where G K, such that 
/ = in N^^d- Consider mappings (pk {k = l,d), 0+ from Lemma El We assume 
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that Bid-i is linearly independent in N^^^- Hence, we get a homogeneous system of 
linear equations in {a^} (see also Lemma HD). For even d = 6,10 it was calculated 
by means of a computer programme that this system has the only solution = 
for any w G Bid. A 



8 The case oi p = 2 

Let d > 4, i, j = 2,d, i j. Introduce notations for some words of multidegree 21'^~^: 

i < j, and c^j = Xix\xjX2 ■ ■ ■ Xj ■ ■ ■ Xi ■ ■ ■ Xd, if i > j ■ By items 1, 7 of Lemma [T] we 
have 

iV3,d(21'^-i) = linfe, 6„ c,,| t,j = 2;d,t^ j}. (5) 



Theorem 2 Letp = 2, d>l. 

1. For A = {6i, . . . ,6d), d < 3 a basis for N^^ai^) is the set defined in 
Proposition 

2. For d > 4 a basis for N^^d{l'^) is the set Bid defined above. 

3. A basis for A^3^4(21'^) is the set B213 = 023,032] i = 2,4}. 

For d > 5 a basis for N^^di'^l'^^^) is the set -621^-1 = {Oj,^i5 C23I i = 2,d}. 

4. Ford > 4 a basis for N^^^i'^'^^'^''^) is the set B22id-2 = {xfx'^x^ ■ ■ ■ Xd,x\x\x^ ■ ■ -Xd}- 

5. For d> 4 a basis for iV3_rf(31'^~^) is the set B^id-i = {xfx2 ■ ■ -XdXi}. 

6. The rest of M"^ -homogeneous components of N^^d are equal to zero. 

In order to prove item 3 we need the following Lemma. 
Denote hij = & j + Cj^ + a^-. Consider identities of multidegree 2V^^^: 

{fili{xi,a,b, c)f2\i = T73}, 
the set of identities (a) from Lemma |2l 
{fin{xl,a,b)f2}, 

{T3{xl,Xi,Xj)a, aT^ixl, Xi, Xj)\ 2 < i < j < d}, 

i {h23 + h34, /l23 + h^2, ^32 + ^^24, h2 + ^43}, if = 4 

\ {h23 + hij\2<i^ ] <d,i^2oi ] ^?>},ii d> 5, 
where a,b,ce Ff, /i, /2 G Fd. For i = denote Li = lin{Mo U Mi}. 

Lemma 15 Let p = 2, d > 4. Then 
L Li = L2. 



Mo = 

Ml = 

M2 = 

Ms = 

M4 = 
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2. L2 — L^. 

3. = L4. 

Proof. Let i,j, k,l E 2,dhe pairwise different numbers. 

1. Inclusion L2 C Li is obvious. 
Consider an identity t G Mi. 

If t = T^^axlb, c, d), then t = ali{xi, b, c, d) + hixi, c, d, a)h + /3(a;i, ca, 6, d) + 
dl^{xi, a, 6, c) + 2dcax\h. 

\it = T^{x\a, b, c), then t = a, b, c) + /3(xi, c, a, 6) + /3(xi, b, a, c). 

If t = Xi 0X3(6, c, (i), then t = a, 6, c)(i + a, 6, (i)c + a, c, 

If t = xlT^i^a, b, c), then t = a, 6, c) + 6, a, c) + Ii{xi, c, a, 6). 

Thus we get Li C L2. 
3. Introduce notations for identities: 

fijk = ai + aj + + Cji + Cjfc + Cjk = Ts{xl, Xi, Xj)xka + {Mq}, 
gijk = bj + 6fc + Cjk + Qkj + Qij + = aXiTsixl, xj, Xk) + {Mq}, 

where a E F^. We have 

fijk + gjik = hki + hij G L3. (6) 
If (i = 4, then formula ^ implies G L^. 

If d > 5, then replacing indices in formula © we get hij + hjk € L3, hij + hji G L3, 
hji + hik G L3, /ijfc + hkj G L3. Add up last four formulas and get hjk + h^j G L3. 
Thus hij + hji, hij + hj^ G L3. Therefore L4 C L3. 

From /jjfc = 4:h23 + hij + hji + hik + hjk G L4, (/jjfc = 4:h23 + hjk + hkj + hik + hij G L4 
we can see that L3 C L4 for d > 5. 

Let d = A. Equalities fijk = fjik, gijk = gikj, /234 + /243 = /342, (7234 + 5^324 = 5^423, 

/234 = (^23 + ^34) + (/i32 + /i24), 
/243 = (/i23 + /i42) + (/i32 + /i24) + (/i32 + ^43), 
^4 = (/i23 + /i34) + (/i32 + /'24) + (/i32 + /i43), 
fi'324 = (/i23 + /i34) + (/i23 + /i42) + (/i32 + /i24), 

imply L3 C L4. 

2. Inclusion L3 C L2 is obvious. 
Consider an identity t G M2. 

If t = Tsixj, a, 6c), then t = T3{xj, a, 6)c + bT^ixj, a, c) + {Mq}. 
If d > 5, then for t = fiXkTs{xl, Xi, Xj)xif2, /i, /2 e F^, we have t = + c^^- + 
Qij + Cji + Qii + Cji + {Mo} G L4; thus t G -L3 by item 3. 
Therefore L2 C L3. A 
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Proof of theorem 2. 2. See Theorem ^ 

3. By equality (0) and identities M4 it is sufficient to show that -821^-1 is hnear 
independent in N^^a- 

Lemmas |21 and El imply that all identities, of A'"3^rf(21'^~^), generated by 
x'l,X2, ■ ■ ■ ,Xd are consequences of identities Mq U M4. Let / be a mapping such 
that the image of a word w, generated by x1,X2, ■ ■ ■ ,X(i, of multidegree 21°'"^ is 
equal to the result of application of the identities from item 7 of Lemma Q to w, i.e. 
f{w) is equal to ctj, or c^j for some Identities Mq U M4 are equivalent to the 
identities Mq U M4 = M, where Mq = {w + f{w)\w is a word, mdeg(w) = 21'^~^, 
w 7^ f{w)}. Every identity of Mq (M4, respectively) contains a word which is not a 
summand of any element of -821^-1 and is a summand of one and only one identity 
of M (M4, respectively). Moreover we can assume that regarded words are pairwise 
different. Thus item 2 of Remark implies that -021^-1 is linearly independent in 

4. Denote By items 1, 4 and 7 of Lemma ^ 
we have lin{a, b} = A^3^rf(2^1'^~^). We claim that a, b are linearly independent in N^^d- 
Consider the homomorphism of vector spaces ip • K{Fd) K{Fd){2'^l'^~'^) defined 
by the following way: for a word w il){w) = aa + f3b, where a {f3, respectively) is 
equal to the number of subwords X1X2 {X2X1, respectively) in the word w. 

For u,v & Pf define 

{a , ii u = UiXi, V = X2V1 {ui, Vi G Fj) 

b , if u = U1X2, V = XiVi {ui, f 1 e Fd) . 

, otherwise 

It is easy to see that for mi, . . . , G F^ 

s s—1 

ll){ui ■■■Us) = + (7) 

i=l 1=1 

Consider an identity t of 5221^-2. 

If t = fiTi{g)f2, /i, /2 G Fd, g G Ff, then t ^ 5221^-2. It is a contradiction. 

If t = hT2ig,,g2)f2, /i,/2 e Fd, g,,g2 G F#, then i,{t) = ^(^2) + V'l/i) + 
^(/2) + i'ifu92) + i'i92, /2), by equality CZD. The muhidegree of t is 2'^!'^-^, thus 
gi G {xi, X2, a;iX2, X2a;i}. Hence '?/'(t) =0. 

If t = fiT3{gi, g2, fi'3)/2, /i, /2 e Frf, 5(1, g2, gs G Ff , then i>{t) = by equality ©. 

Therefore ^(t) = for any identity t of A^3,rf(22l'^-2^. 

If t = aa + Pb, a,P E K, is an identity of N^^d, then '?/'(t) = aa + /56 = in 
K{Fd). Hence a = /3 = 0. 
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5. By Lemma n we have u = x\x2 - ■ ■ XdXi 7^ 0. Identities from items 1, 7 of 
Lemma pimply that x\abcxi = Xi{abcxf) = Xibacx\ = x\hacxi in N^^cl- The last 
identity together with item 7 of Lemma^imply that hnju} = N^^d{'i^'^~^)- 

6. It follows from item 3 of Lemma ^ A 

9 The case oi p = ?> 

Notation. For p = 3, r, s, / > determine the set B^ris of words of multidegree 
3''!'^ and the set -B3r2si' of words of multidegree 3''2^l': 

532,.+ip = U2rXl^^^X2r+2{BlAxi^X2r+i,x.^x,+2r+i,i=2rs} ^ il2r+l,s,k\ ^ = 3,^+1} U 
h2r+lj ('^ ^ 0)' ^^^^^^ 

^2r s k ~ — 2»--2 ' X^r-l-^^r ' ^2r+l ' ' ' X2r+k ' X2r~lX2r ' X2r+k+l ' " " X2r+s {^j S > 1, 

k = M), 

Q2r+1 s k ~ —2^ ' ^2r+l ' ^2r+3 ' ' ' X2r+k " X2r+lX2r+2 " X2r+k+l " " " X2r+s+l > 0, S > 2, 

A; = 3,s + 1), 

^2r+l s ~ — 2r-2 ' X2r-l-^2rX2r+lX'ir-lX2rX2r+l ' X2r+2 ' ' ' X2r+s+l ('^ > 1, -5 > 0), 

U2k = W.12 ■ ■■m.2k~i,2k {k > 1), m is the empty word, 

2 2 

Define -B3r2ni = -Bs'-p+i L,^x2,i=r-+i,r+s- 

As an example we point out that -B301S = Bis^ i?32r = {u2r]i B^2r+i = {?2r+ioJ'' 

-832^+11 = {M2rX2r_^iX2r+2a;2r+l, igr+l.J- 

Theorem 3 Let p = 3. 

1. A basis for iV3_rf(3''2*l') is the set B^r2Bii, where r,s,l >0. 

2. The rest of Af"^ -homogeneous components of N^^cl ore equal to zero. 

Remark 3 For p = 3, r > 2, s,l > we have \B^r2sii \ = 2'^+'. 

Proof of theorem 3. 1. Consider the homomorphism : A'3rf(3^1*^') — *• 
A/'3,d(3''2n'), defined by 




xf , r + l<i<r + s 
Xi , otherwise 



By item 1 of Lemma ^ is surjective. By Lemma 0] is injective. Thus, is 
an isomorphism of vector spaces. Hence it is sufficient to prove the Theorem for 
multidegree 3*"!**. The last follows from Lemmas ITHl IT7I fsee below). 
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2. See item 1 of Lemma A 

Further for multilinear elements /i, /2 G K{Fa), where deg(/i/2) = m, writing 
/i^(/2) means that ^ is a substitutional mapping of J^d,m such that the multidegree 
of /i^(/2) is equal to I*". 

Consider ii, . . . ,ir E {1, 2}, where r < d, and a word u such that 

w = Xi ,ifr = d— 1 

G {ed_r,fcl fc = 3,(i — r} , if r < d — 1 ' 

Denote by {iii2 ■ ■ ■ ir', u) the word w G -Bid which is the result of the following 
procedure. Let Wr+i = u E Bid^r, = Xi^^{wk+i) G Bid~k+i for every k = l,r. 
Put w = wi. For short, we will write (l'^~"'^^s . . . u) instead of (1 . . . Iz^ . . . v; u) 
and so on. 

Lemma 16 Let r, s > 0. Then linSgrp = Ns^d{S''l'). 

Proof. Let Jr,s = M2r+s U {uX2i-lX2iV, UX2iX2i-lV, u{x2iaX2i-l + X2i-iaX2i)v, 
u{x2i-lX2j-lX2ihX2j - X2i^lX2j-lX2iX2jb)v\u,V G ^2^+^, a, 6 G -^2^+5, hj = 1,^, & > 

X2j} be the subset oi K{F2r+s){l'^''^'). 

Consider the homomorphism : K{F2r+s){'^'^^~^''^) ^3,d(3''l^), defined by 
4>{x2i-i) = xf, (j){x2i) = Xi, (f){xj) = Xj_r, whcrc i = l,r, j = 2r + l,2r + s. 
By item 1 of Lemma ^ is surjective. Identities x'^y'^xay = x'^y'^xya, xax'^ + 
x'^ax = of N-i^d (see Lemma imply that cj) induces the epimorphism 0i : 
K{F2r+s){l^'''^')/\HJr.s) ^ iV3,d(3^' 1^) . By equality © we have N^4{?>n') = 
lin 0i(i?( Jr,s))- So in order to prove the statement it is sufficient to prove that 

(t)l{B{Jr,s))=B^r^s. (8) 

Note that B^J^^s) = -B(-^r-i,s+2) \ Jr,s for r > 1, s > 0. 
For r = equality (jH)) is obvious. 

Let r = 1. We have B{Ji ,,) = i?p+2 \ Ji ^ = xi^(-Bis+i) U X2^(-Bis+i) U {xs ■ ■ ■ • 
Xia;2-Xfc+i ■ ■ ■a;^+2| ^ = 3,s + 2}\Ji,^ = xi^(-B p+i)\ Ji,^ = xiX2^(-BiOUa;ia;3^(5p)U 

{Xi ■ X4 ■ ■ - Xfc • X2X3 ■ Xfc +i ■ ■■Xs+ 2 \ k = i, S + 2} \ Ji^s = XiX3^{Bis) U {Xi ■ X4 ■ ■ -Xfc • 

X2X3 ■ Xfc+i ■ ■ ■ XS+2I k = 4, s + 2}. Hence equality (jH)) holds. 

Let r = 2. We have B{J2^s) = -B(Ji,s+2) \ </2,s = /see above/ = xiX3^(i?is+2) U 

{Xi ■ X4 ■ ■ - Xfc ■ X2X3 ■ Xfc+i ■ ■ ■XS+4I k = 4, S + 4} \ J2,s = XiX3^(i?p+2 ) \ J2,s = 
XlX3X2^{Bis+i ) UXiX3X4^(i?p+i) U {X1X3 -Xs ■ ■ ■ Xfc ■ X2X4 ■ Xfc+i ■ ■ ■ Xs+4| = 5, s + 4} \ 
J2,s = XiX3X2X4^(i?p) UXiX3X2X5^(i?p) U {X1X3X2 ■ Xq ■ ■ ■ Xfc ■ X4X5 ■ Xfc+i ■ ■ ■Xs+4| k = 
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6, s + 4} U {X1X3 -Xs ■ ■ ■ Xk-X2Xi-Xk+i ■ ■ ■ Xs+i \ k = 5, s + 4:} \ J2,s = XiX3X2a;4^(-Bp) U 
{X1X3 ■ X5 ■ ■ ■ Xfc ■ X2X4 ■ Xk+i ■ ■ ■ Xs+4 \ k = 5, s + 4}. Thus equality (jH)) holds. 

Let r = 3. We have B^J^^g) = i?(J2,s+2) \ J3,s = /see above/ = xiXsX2X4^C^{Bis+2) 
U {xixs ■ X5 ■ ■ ■ Xfc ■ X2X4 ■ Xk+i ■ ■ ■ Xs+el k = 5,3 + 6} \ Ja,^ = xiX3X2X4^{B{Ji^s)) U 
{xiXs ■ X5 ■ X2X4 ■ Xg ■ ■ ■ Xs+e}- Thus equality (jH)) is proved to be true. 

Let r > 4. By induction on r prove that 

B{Jr,s) = XiX3X2X4^{B{Jr^2,s)), where r > 4. (9) 
Induction base. Let r = 4. We have B{J4^s) = -8(^/3,5+2) \ J4,s = /see above/ = 

XlXsX2Xi^{B{Ji^s+2)) U {XiX3X5a;2X4X6 ■ X7 ■ ■ ■ Xs+8}\Ji,s = XiX3X2Xi^{B {J2,s)) ■ 

Induction step. We have B{Jr^s) = B{Jr-i^s+2)\Jr,s = /induction hypothesis/ = 

XlX3X2Xi^{B{Jr.-3,s+2)) \ Jr,s = XiXsX2X4^{B {Jr-2,s)) ■ 

Formula © implies that equality ^ is valid. A 

Lemma 17 Let r,s > 0. Then 

1. The set B^iria is linearly independent in N^^d, where d = 2r + s. 

2. The set i?32r+iis is linearly independent in N^^d, where d = 2r + s + 1. 

Proof. Denote by tTj the homomorphism from Lemma El Note that for any k > 1, 
V G Bik words XiX2C,{v), X2Xi^{v) belong to Bik+2. Denote tti ■ ■ ■ vr2r_2(lt2r-2) = ^• 

1. If r = 0, then see Theorem ^ Let r > 1. For v G -Bi^, k = l,s we have 

TTi ■ ■ •Vr2.r(M2r^(^^)) = u{x2r-lX2r - X2rX2r-l)^{v) , VTi ■ " " Vr2r (g2r,s,fc) = <(a-6-C + rf), 

where a = X3 ■ ■ ■ Xk+2 ■ X1X2 ■ Xk+3 ■ ■ ■ Xs+2 = eg+2,k+2 ^ B1.+2, b = xi ■ x^ - ■ ■ Xk+2 ■ 

X2 ■ Xk+3 ■ ■ ■ Xs+2 = (12^1^"''; Xi) e Bis+2 , C = X2 ■ X3 - ■ ■ Xk+2 " Xi ■ Xk+3 ' " " Xs+2 = 

^^k+i^s-k. ^ Bis+2, d = X1X2 ■ X3--- Xk+2 ■ Xk+3 ■ ■ ■ Xs+2 = (l''^^ Xi) G 5p+2 . By 
above remark, for any w G -832,18 we have tti ■ ■ ■7i2r{w) = J2iC(w,i(iw,i, where a^^i G 
K, a^^i G i?i2r+s. By item 1 of Remark[TJ we get that the set {X^j w G i?32ris} 

is linearly independent in K{Fd). So the assumption that B32ris is linearly dependent 
in N3^d gives that Bi2r+s is linearly dependent in N3^d (see Lemma El), and the last 
contradicts Theorem ^ 

2. Let V G Bis, k = 3, s + 1. Denote = 'n'l ■ ■ ■ 7i2r+i{,U2rX2r+i^2r+2C,{v)), 
bk = Hi- ■ ■^2r+i(g2r.+i,s,fc)' c = TTi ■ ■ ■ 7i2r+i{q2^^^J ■ Let (^i be the homomorphism 
from item 4 of Lemma El We have that = u{x2r-iX2r ~ X2rX2r-i){x2r+2^{v) — 

X2r+ia;2r+2^(0l('^)))) = u{x2r-lX2r — X2rX2r-l){x2r+3 ' ' ' X2r+k " X2r+lX2r+2 " 

X2r+k+l ■ ■ ■ X2r+s+l — X2r+1 " X2r+3 ' ' ' X2r+k " a^2r+2 " X2r+k+l " " " a^2r+s+l) = u{x2r-lX2r — 

X2rX2r-i)i{es+i^k - ( 12'=-^l''-''+^ ; Xi) ) , c = M(x2r-ia;2r+ia;2r - a;2r-a;2r-ia;2r+i + 

X2rX2r+lX2r-l ~ X2r+lX2r-lX2r)x2r+2 ' ' ' X2r+s+l = 
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(2^P; Xi) — Above remark and Lemma IT^ imply that a„, bk, c G lini?i2r+s+i. 

Thus = T,iav,iav,i, h = 'EiPk,ih,i, c = 'EiliCi, where a^^i, (3k,i,1i e K, 
0'v,i,bk,i,Ci e Bi2r+s+i. The set {av,bk,c\v e Bis, k e 3,s + l} is hnearly inde- 
pendent, because of each set from the class of sets {{a^^i}, {bk,i}, {ci} \ v G Bis, k G 
3, s + 1} contains an element which does not belong to other sets. Thus the as- 
sumption that i?32r+iia is linearly dependent in N^^ii gives that Bi2r+s+i is linearly 
dependent in N^^^ (see Lemma EI), and the last contradicts Theorem [TJ A 

10 Matrix invariants 

Let n > 2. Denote by Mn,diK) = Mn{K) © ■ ■ ■ © Mn{K) the sum of d copies of 
the space of n x n matrices. The general linear group GLn{K) acts on Mn^d{K) 
by diagonal conjugation: for g G GLn{K), Ai G Mn{K) {i = l,d) we have 
g{Ai, . . . , Ad) = {gAig~^ , . . . , gAdg^^). The coordinate ring of the affine space 
Mn,diK) is the polynomial algebra Kn^d = K[xij{r)\ 1 < i,j < n, r = l,d], where 
Xij{r) stands for the function such that the image of {Ai,...,Ad) G Mn,d{K) is 
(i, j)th entry of the matrix Ar. The action of GLn{K) on Mn^iK) induces the ac- 
tion on Kn,d: {g-f){A) = fig'^A), where g G GLn{K), f G Kn,d, A G M„,d. Denote 
by Rn,d = {/ G Kn,d\ for all g G GLn{K) '■ gf = f} the matrix algebra of invariants. 
Let Xr = {xij{r))i<ij<n be the generic matrices of order n {r = l,d), and let (Jk{A) 
be the coefficients of the characteristic polynomial of a matrix A G Mn{K), that 
is det{XE - A) = A" - ai{A)X''-^ + ■■■ + The algebra Rn,d is gener- 

ated by all elements of the form crfc(Xj^ ■ ■ ■ XiJ (see 0). The Procesi-Razmyslov 
Theorem on the relations in Rn^d was extended to the case of a field of an arbitrary 
characteristic in [14]. 

The goal of the constructive theory of invariants is to find a minimal (i.e. ir- 
reducible) homogeneous system of generators (shortly m.h.s.g.) for the algebra of 
invariants. A m.h.s.g. for i?2,d was determined in ^2] for p = 0, in [TO^ for p > 2, 
and in jl] for p = 2. In [3] some upper and lower bounds on the highest degree 
of elements of a m.h.s.g. for Rn^d are pointed out for an arbitrary p. In in the 
case p = the cardinality of a m.h.s.g. for R^ d was calculated for c? < 10 on a 
computer, and was shown a way how such set can be constructed by means of a 
computer programme. The explicit upper bound on the highest degree of elements 
of a m.h.s.g. for R^ d is given in (except for the case p = 3, d = 6k + 1, k > 0, 
where the least upper bound is estimated with error not greater than 1). In this 
section we point out a m.h.s.g. for R^ d for an arbitrary p, d. 

The algebra Rn^d possesses natural J\f- and A/''^-gradings by degrees and multide- 
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grees respectively. Denote by R^^^ the subalgebra generated by all elements of Rn^ 
of positive degree. An element r G Rn,d is called decomposable, if it can be expressed 
in terms of elements of Rn,d of lower degree, that is it belongs to the ideal (i?^^)^. 
Clearly, {rj} G Rn^ is a m.h.s.g. if and only if {rj} is a basis for _R„_d = Rn,d/ (-R^^)^. 
If two elements ri,r2 G -R^^rf are equal modulo the ideal (-R^^^)^, we write ri = r2. 
There is a close connection between decomposability of an element of Rn^d and equal- 
ity to zero of some element of Nn,d (see Lemma ITHl below) . Let An^d be a i^-algebra 
without unity, generated by the generic matrices Xi, . . . ,Xd. The homomorphism 
of algebras $ : An^d Nn^d, defined by = Xj, is defined correctly (see j9j). 

Remark 4 For each A = {6i, . . . ,6d), where 6i > ■ ■ ■ > 6d > 0, let Ga C Rn,d 
be such a set that its image in Rn4 is a basis for Rn^iA). For any multidegree 
A = {5i, . . . ,5d) define Ga by the following way: 

~ ^^a{l)^---^^a(d)\xij[r)^Xij(a{r)),i,j=Tji,r='T4-i 

where a G Sd, (5cr(i) > • • ■ > 5cr{d)- Then, the set G = Us-^,...,5^>oGa is a m.h.s.g. for 

Rn,d- 

Further, we assume that n = 3, unless it is stated otherwise. 

Let Ba be the basis for N^^di^) from Proposition |21 and Theorems |2l El For 

u G K{Fd)* denote tr(M) = tT{u\^^_^x^^^^j^) G i?3,d- 

Theorem 4 For multidegree A = {6i, . . . ,6d), where Si > ■ ■ ■ > 5d, d > 1, define 
Ga C R34: 

1) the case of p 7^ 3.- 

if d > 2 and 6d = I, then Ga = {tr(MXd)| u G 

ifA = 23, then Ga = {tr(X2X|X|)}, 

ifA = 22, then Ga = {triXfXi)}, 

if A = 3^ then Ga = {trjxfXlXiXs)}, 

if d = 1, A = k, k = 1,3, then Ga = WkiXi)}, 

for others A we define Ga = 0/ 

2) the case of p = 3: 

if d > 2 and 6d = 1,2, then Ga = {tT{ux^/)\u G B(^Si,...,5a-i)} > 

if A = A; > 0, or A = 3^^+^, k > 0, then Ga = {trlu)\u G Ba}, 

if d = 1, A = k, k = 1,3, then Ga = {ak{Xi)}, 

for others A we define Ga = 0- 

Then, the set G from Remark^ is a minimal system of generators for R34. 
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In order to prove the Theorem we need some statements from jH] and its corol- 
laries: 



Lemma 18 1. Let H G A^^d-i- Then tT{HXd) is decomposable if and only if 

2. //tr(Mj) = 0, where H e As^^-i, then ^{H)xd + Xd<^{H) = m N^^d- 

3. Letp=3, H e As^d-i- Then tr(Mj) = if and only if ^{H) = zn ^N^^-i. 
4- //tr(-u) is indecomposable, where u is a word, then there are canonical words 

Ui, mdeg(M) = mdeg(-Uj), and ai G K, such that tr(-u) = X]«jtr(Mj). 

5. We have (T2{UV) = tiiU^V^), where U,V e A^^d- 

6. Elements a2{Xi), det(Xi) are indecomposable. 

7. If p 3, then tr(X2X|X|) + tr(X2X|X|) = 0. For any p, the element 
tr(X^ X|X|) is indecomposable. 

8. Let p = 3, Ui E Fd are words, mdeg(Mi) = A. Then J2iC(M{ui) = if and 
only if J2i cti^i = is a consequence of the system of identities Sa and identities 
uv = vu, where u,v E Ff and mdeg(uf ) = A. 

9. For u,v E Fd, where mdeg(Mf ) = 3^'^, k > 0, or mdeg(uf ) = 3^'^+"'^, k > 0, we 
have uv = vu in N^^d- 

10. Let D be the explicit upper bound on degrees of elements of a m.h.s.g. for 
Rs^d, where d > 2. Then 

if p = or p > 3, then D = 6; 



if p = 3 and d = 6k + r , where r G {3, 5}, A; > 0, then D = 3d — 1. 

Proof. All items except for 3, 7 are proven in jH]. 

3. If tr(Mj) = 0, then ^{H)xd + Xd^H) = in N^^d (see item 2). By item 4 
of Lemma El we have 2$(if) = in N^^d- The converse follows from item 1. 

7. Let p ^ 3. The identity x\x2x1 = in N^^^d (Lemma ^ item 4) implies 
tr(X^X2X|X2) = (see item 1). On the other hand, the identity 0:2X3X2 = 
-x^xl - xlxl in N^^d (see identity (H))) implies tr(XfX2X|X2) = -tr(Xi2X|X|) - 
tr(X^ X|X|) (see item 1). The claim is proved. 

Assuming tr(X^ X|X|) = 0, we get xfx^Xs + X3X^X2 = in N^^d by item 2. Thus 
2 = in X3^; that is a contradiction to item 2 of Lemma H A 
Proof of theorem 4. By items 4, 5 of Lemma ITHl we have that -R3 ^ is generated 
by {cr2(-'^i)5 det(Xj), tr(M)| u G Ff is a canonical word, i = l,d}. 

Let p 3. The claim follows from items 1, 6, 7 and 10 of Lemma fTHl 

Let p = 3. The case of = 1, 2 follows from items 1, 3 of Lemma ITHl The case 
of A = 3^^ follows from items 8, 9, 10 of Lemma ITHl A 




d>4 
d = 2,3 
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